In this paper we introduce the wide regime equation of state (WEOS) developed in Institute of Applied Physics and Computational Mathematics (IAPCM). A semi-empirical model of the WEOS is given by a thermodynamically complete potential of the Helmholtz free energy which combines several theoretical models and has some adjustable parameters calibrated via some experimental and theoretical data. The validation methods of the equation of state in wide regime are presented using copper as a prototype. The results of the WEOS are well consistent with the available theoretical and experimental data, including ab initio cold curve under compression, isotherm, Hugoniot, offHugoniot and sound velocity data. It enhances our confidence in the accuracy of the WEOS, which is very important for the validation and verification of equation of state in high temperature and pressure technology.
Introduction
The states and thermodynamic properties of matter are described by equation of state (EOS). EOS is of immediate interest in astrophysics, planetary physics, power engineering, controlled thermonuclear fusion, impulse technologies, engineering, and several special applications [1] . Numerous techniques and models have been developed for obtaining EOS of a variety of materials which are valid up to very extreme pressure (tens of Mbar) and temperature (several eV or even higher). The predominant methods to obtain EOS experimental data are through dynamic shock wave compression [2] , static compression [3] and techniques that couple static and dynamic compression [4] . There are many models based on first-principle theories, such as Thomas-Fermi model [5] with various corrections [6, 7] , Hartree-Fock-Slater model [8] , plasma [9] and liquid state models [10] , models derived from Quantum Molecular Dynamic [11e14] and Quantum Monte Carlo [15e17] method. But until now none of them is universal in the wide regime and only applicable in a relatively limited regime. For this reason, the semi-empirical EOS models [1, 18, 19] , where the functional form is motivated by sound theoretical results and the adjustable parameters are tuned to numerous experimental data at high pressure and temperature, have played a very significant role in numerous applications. Within the high-energy-density-physics community, multi-phase wide-range EOS [1] , SESAME [18] , and QEOS [19] , which have been derived by scientists with the use of different physical assumptions and experiments, are widely referenced. In fact, the WEOS, which is accurate in wide regime, has been widely used in IAPCM for many years.
In this paper, we introduce the WEOS developed in IAPCM and take copper as an example to illustrate the performance of the WEOS.
The theoretical model of WEOS is briefly described in Sec. 2. In Sec. 3 the validation of the EOS under extreme conditions of pressure and temperature is given, and the results for copper are presented. Finally, we summarize the state of the art of WEOS.
Theoretical model
Since some fundamental difficulties have not been overcome, a universal and rigorous theoretical model for describing the wide range thermodynamic properties of matter still does not exist. As we know, only very basic and limited results can be obtained using models based on simplified assumptions on the structure, energy spectrum, and the nature of the interaction between particles. Via the combination and modification of several existing models, similar to the case for the SESAME, we proposed a method to obtain the WEOS.
For a system at a given volume V and temperature T, the Helmholtz free energy can be written as trinomial form, FðV; TÞ ¼ F c ðVÞ þ F n ðV; TÞ þ F e ðV; TÞ;
where F c (V) represents the 0 K energy, F n (V, T ) is the vibrational free energy of lattice ions, and F e (V, T ) is the free energy due to thermal excitation of electrons. Other thermodynamic quantities can be obtained through the corresponding relations with F(V, T ). For example, the pressure is obtained via
The supporting equations for the free energy are verbose and well described in Refs. [1,20e23] . An outline of the modifications made in the WEOS model, compared with those traditional forms, is as below:
The Born-Mayer (BM) potential combined with six order polynomial is used to express the cold curve. The BM potential is well suited for describing the cold curve in low compression range. However, beyond this range, six-order polynomial, obtained by fitting cold free energy evaluated from BM at low compression ratio and TF [5e7] models including TF, TFD (Thomas-Fermi-Dirac model only with exchange corrections) and TFC (Thomas-Fermi Kalitkin model with quantum and exchange corrections) at high compressions ratio, is more suitable and flexible. The pressure and its first volume derivative are continuous at the transition density. We give three sets of parameters, WEOS_TF, WEOS_TFD and WEOS_TFC, for one material, these parameters are kept the same below the transition density; The ionic term is expressed by the modified Debye model [20] where the high-temperature anharmonic effects are taken into accounted via an empirical interpolation [22] between a perfect solid under normal conditions and an ideal gas. After these modifications, the WEOS becomes suitable for correctly describing the solid, liquid and gas states; The electronic term is described by Formula [20, 21, 23] at low temperature (usually lower than 10 ev or even more lower), and EOS of electrons are calculated by Rational Function Method of Interpolation [24] from the theoretical database of TF models at high temperature.
There are about thirteen unknown parameters in the WEOS model and they are fitted using both theoretical and experimental data. The strategy of calibration of the WEOS model includes fitting experimental data on shock compression of solid density by least squares, optimizing two potential parameters of BM by the golden cross method until the least square deviation of the theoretical from experimental Hugoniot, determining the anharmonic factor and Grüneisen coefficient by comparing the Hugoniot of dense and porous density, obtaining six coefficients of polynomial by fitting cold curve from BM and TF models, interpolating electronic EOS from TF and TFC theoretical data, solving the volume of fusion and volume of gasification by the melting and boiling temperature at P ¼ 1 atm. Finally, one must check the pressure, bulk modulus and Grüneisen coefficient at ambient condition.
In consideration of the accuracy of data and the range of pressure, we choose about 170 Hugoniot data from Refs.
[25e28] and then fit them by polynomial regression. The shock velocity-particle velocity (D-u P ) relation of copper which is used in the calibration the WEOS model up to 990 GPa is D ¼ 3.899 þ 1.52 u P À 0.009 u p 2 . Until now we have studied nearly 40 elements which are marked by red color in period table in Fig. 1 .
The validation formalism for the WEOS
Two key points here are the accuracy of the WEOS and the way to validate it. Due to the complicated physics and limitation of modern theoretical models of the thermodynamics of extreme states, only relatively limited phase states are accessible according to rigorous theoretical model. Therefore, the range of validity of the WEOS is restricted by the nature of the physical approximations. We focus our attention to the comparison with the available calculations by rigorous theoretical models and experimental data which have not been used in the procedure of calibration.
The thermodynamic consistency is always kept because all thermodynamic properties are derived from the free energy. The procedure of validation includes comparisons between the WEOS calculations and each one of the followings: the results of ab initio cold curve, the room-temperature isotherms from experiment, other semi-empirical models and electronic structure theories, experimental data on shock compression of dense and porous copper, off-Hugoniot information corresponding to the double shock in reflected shock wave and to adiabatic expansion of shock-compressed copper, measurements of the sound velocity in shock-compressed copper.
The ab initio cold curve
The density functional theory (DFT) [29, 30] calculations are widely used in the high-pressure research. At room pressure and temperature, the lattice structure of copper is FCC (face-centered cubic). The static compression to 190 GPa [31] and theoretical investigation [32] to 100 TPa show no structure phase transition. In order to estimate effect of electronic partitioning between core and band states, we calculated the cold energy and pressure of copper with the use of two ab initio methods, the first is the plane wave pseudo-potential VASP [33] and the second is the full potential WIEN2K [34, 35] . We use the generalized gradient approximation (GGA) [36, 37] for the exchange-correlation functional in both calculations. We test kinetic-energy cutoff and k-point sampling to assure a total energy convergence of 1-meV per atom. As a result of the convergence tests, the kinetic-energy cutoff is 360 eV and k-point meshes of Brillouin-zone sampling based on the Monkhorst-Pack scheme are 15 3 for VASP. The muffin-tin radii, the plane wave cutoff K cut and the number of k-points use the same setting as in Ref. [38] for WIEN2K. The result is shown in Fig. 2 . The equilibrium volume is 11.96 Å 3 and 12.13 Å 3 by VASP and WIEN2K, respectively. The experimental equilibrium volume is 11.81 Å 3 at the roomtemperature. The relative volume differences between DFT and experiment are 1.3% and 2.7%, respectively. The pressures of pseudo-potential and full-potential calculations are up to 20700 GPa and 1600 GPa, respectively. The calculated cold curves and relative difference are shown in Fig. 2 . It is seen that the relative difference is biggest near equilibrium volume, and then decreases with decreasing volume or increasing pressure. It is less than 3% up to pressure of 1600 GPa. Because of the dominance of static energy, practical calculations based on DFT typically have errors of several percent in density at zero pressure [30] . These are unacceptably large errors for the purpose of high accuracy EOS. We didn't try to fix the error between ambient volume of experiment and DFT. In the WEOS, experimental ambient volume has been used to calibrate parameters. The result of ab initio can be a good test under compression.
The cold curves of the WEOS and VASP are shown in Fig. 3 . In order to make quantitative comparisons, the relative differences are presented in Fig. 4 , where X ¼ (V/V 0 ) 1/3 . Experimental and ab initio equilibrium volume V 0 are used in the WEOS model and VASP, respectively. As seen from Figs. 3 and 4, the relative difference between WEOS_TF and VASP is up to 30%, while for WEOS_TFD and WEOS_TFC it is less than 13% and 8% in the region of compression ratio from 2 to 6 or 0.55 < X < 0.793. This contrast shows us that the cold curve of WEOS_TFC agrees ab initio cold curve better than WEOS_TF and WEOS_TFD under high pressure. 
The room-temperature isotherm from semi-empirical methods
Reduced room-temperature isotherm of copper is given in works [39e48]. Their parameters were obtained using static [43e45] or reduced shock-wave [46e48] data, so the accuracy is insufficient outside the range of experimental data. EOS parameters [40e42] are very different, even though those authors resorted to the most reliable theoretical and experimental data that they found. Kalitkin [39] used more restrictions to determine the room-temperature isotherm parameters and gave two sets of parameter corresponding different forms. In fact, the pressures of these two isotherms have a little difference which is not larger than 2%. The curve Kalitkin20042 [39] is recommended as the standard because it is obtained using four conditions to define the parameter of cold pressure. The four conditions are as follows: at the normal state, the pressure is zero; the isotherm and the Hugoniot curves have the same initial slope; the TF model is valid at high compression; the relative difference between the quantum-statistical (QS) and TF models is reasonable. The relative deviations between the room-temperature isotherm recommended by Kalitkin [39] and other models are shown in Fig. 5 . It demonstrates that all errors are less than 15%, most errors less than 5% at low (s < 2 or X > 0.793) and at high pressure (s > 20 or X < 0.368). Meanwhile, the largest errors are up to 30% in the range of 2<s < 20 or 0.368 < X < 0.793. This means that experiments at low pressure and theoretical data at high pressure can be reproduced by semi-empirical models, but the isotherm in the intermediate range depends on the interpolating and fitting methods.
In order to further quantitatively validate the WEOS, the room-temperature isotherms by TF models and mean-field potential approach (MFP) [38, 49] are calculated. We choose the same standard as Kalitkin20042, the relative errors of the WEOS, TF models, MFP are shown in Fig. 6. Fig. 6 shows that the relative errors of three TF models decrease with increasing pressure and approach the correct limits at infinity pressure; the relative error of the WEOS are less than 5% at low pressure (s < 2); the relative errors of the WEOS and theoretical data of TF models are less than 5% in range of compression ratio 6 <s < 20 (0.368 < X < 0.550). This is not surprising for the last one, because the theoretical data are used in this range to calibrate parameters of the WEOS. Greeff, et al. [32] investigated room temperature isotherm of FCC Cu at high pressure by the linear combinations of Gaussian-type orbitals-fitting function (GTOFF) method [50] with thermal correction. This electronic structure theory is unlike the above DFT. It requires neither spatial partitioning, between muffin-tin and interstitial regions, nor electronic partitioning, between core and band states. Also, the relative differences between Ref. [32] and Kalitkin20042 in Ref. [39] are shown in Fig. 6 . The largest difference is 6.9% at s ¼ 5.9 The WEOS agrees with the standard isotherm recommended by Kalitkin at lower pressure and reproduce theoretical data of TF models at higher pressure. However, the deviations between WEOS and the standard isotherm are obvious at middle pressure. Meanwhile, it is worth to note that the room-temperature isotherm in range 2 < s < 20 is diffusive for the WEOS, ab initio and other electronic structure theory [32] . There is still no any precise experimental data to validate these models according to our knowledge. The isentropic compression experiment [51] makes it possible to obtain a reasonable data which can be used to valid the theoretical model in this regime.
Hugoniot curves for dense and porous initial states
We calculate the Hugoniot which is a locus of points achievable under shock conditions, generally from ambient conditions. We find the root (specific volume or inverse density) from the following equation:
where e, P, V are specific energy, pressure and specific volume, respectively. V 0 and P 0 are the initial volume and pressure, V H and P H are the volume and pressure points along the Hugoniot. Since P (r, T ) and e (r, T ) are constrained by a given temperature, the density becomes the dependent variable. Therefore, one can give Hugoniot by solving routine the arrays of density, temperature, pressure P (r, T ), energy e (r, T ), and a temperature grid along which to search for Hugoniot points. The principal Hugoniot for copper is shown in Fig. 7 as function of pressure on compression ratio.
In Fig. 7 , the experimental data correspond to five kinds of techniques which have been used to perform dynamic shockwave compression experiments. The five kinds of techniques include chemical explosive drivers [25, 52, 53] , light gas guns [26, 28, 54] , explosively driven striker plates [27, 46, 66] , nuclear explosions [54, 55, 58, 63] and laser [71, 72] . It is seen that the oldest data [56] have been obtained by Al'tshuler in 1958 and the newest data [71, 72] by Fu in 2007. Fig. 7 shows that the newer data agrees with the older data, but are less scattered below 1000 GPa. Meanwhile, the newest laser-driven shock data are much more scattered than the older data. The WEOS has been calibrated by the precise experimental data up to 990 GPa. So it reproduces experimental data well. We didn't calibrate the WEOS by substantially high pressure above s ¼ 2.1. But the experimental data fall well in the WEOS_TF and WEOS_TFC. It means that the experimental uncertainties are too large to discriminate which one is better between TF and TFC theory. Fig. 8 shows the Hugoniot curves for porous copper. The porosity degree is defined as m ¼ r 0 / r 00 , where r 0 is normal density of dense copper and r 00 is the density of porous copper. It is seen that the WEOS agrees with most experimental data.
Off-Hugoniot states for copper
Off-Hugoniot states of matter can be obtained by doubleshocking of a material or by allowing a shock-compressed material to release isentropically. It is important to obtain EOS data off the principal Hugoniot in order to obtain greater constraints on models for thermal pressure [73] . Nellis [73] used Ta as impactor and used Al and Ta as anvils to obtain data on double-shock compression and isentropic release. Glushak [27] , Zhernokletov [68] , and Bakanova [74] obtained data on isentropic expansion of shocked metal. With the initial density calculated from the particle velocity, the pressure and the initial density measured in experiment, we can evaluate the first-shock state, mirror reflection, reshock and release adiabatic path in the WEOS. All double-shock and release states of Cu from the WEOS together with experimental data are plotted in Fig. 9 as P versus u P and compared with the mirror reflection of the principal Hugoniot about that first-shock state. Fig. 9 demonstrates that the mirror reflection and double-shock or release state are very close near the principal Hugoniot. These two points measured by Nellis agree with both curves within the experimental uncertainties of 4.0% in pressure and 2.9% in particle velocity (calculated by data of table 5, 3% and 2.5% were given in text in Ref. [73] ). Three experiments [68, 74] at the lower first-shock pressures are all in excellent agreement with the WEOS. The first-shock state for four points in the middle range of pressure has tiny deviation from the WEOS. We infer that because different Hugoniots are used in Refs. [27, 68, 74] , but the WEOS results still fall well in the experimental with scattered release state. As described in Sec. 2, off-Hugoniot data were not used to constrain the WEOS. So these comparisons are a good test of the model and parameters of the WEOS.
Sound velocity of shocked copper
Steinberg [76] et al. investigated the constitutive model and gave the Steinberg-Guinan (SG) constitutive relation for many metals including copper. In Fig. 10 , the bulk and longitudinal sound velocities C b and C l calculated by the WEOS and the shear modulus of SG [76] are shown in red and black solid curves, respectively, and compared with experimental data [75e85]. It is seen that the sound velocity experimental data [77] are more scattered than roomtemperature static and Hugoniot data. The longitudinal sound velocity rises gradually with increasing pressure along the Hugoniot and then drops near the shock melting point. The theoretical bulk sound velocities from the WEOS agree well with most experiments, but the longitudinal sound velocities increase with increasing shock pressure and not ceases just as experimental data [77] . The longitudinal sound velocity ceases increasing near shock melting point. This suggests shear softening [86] which is observed on Mo by Nguyen et al. This deviation from the prediction of the SG and the WEOS model in the Hayes data above 100 GPa suggests that it is necessary to fix shear modulus in the SG model or develop a new theory that incorporates near-solidus shear softening. 
Summary
We proposed the formalism for validating the WEOS of copper in a wide regime. The results show that the developed WEOS, especially WEOS_TFC, reproduces the ab initio cold curve under compression, room-temperature static isotherm. Most Hugoniot data for dense and porous samples and sound velocity data agree the results of WEOS well. Hugoniot data at substantially high pressure above s ¼ 2.1 fall well in the result of WEOS_TF and WEOS_TFC. These give us confidence in the accuracy of the WEOS, which is important for validation and verification of EOS in high temperature and pressure technology.
The distinct divergence for the room-temperature isotherm between 2 < s < 6 exists for the WEOS, the standard isotherm, ab initio and other electronic structure theory. The isentropic compression experiment will give reasonable data which can be used to validate the theoretical model in this regime.
For substantially high pressure above s ¼ 2.1, the experimental data fall well in theoretical results between WEOS_TF and WEOS_TFC. But the experimental data are too diffusive to discriminate which theory (TF or TFC) is better. The use of laser-driven and magnetic driven shock waves make it possible to obtain states of matter with extremely high energy densities and pressure of TPa in laboratory. The information gained in these dynamic experiments will substantially broaden our basic notions about the physical properties of matter, particularly in the extreme high pressure.
There is a disagreement in the longitudinal sound velocity between the prediction and experimental data [77] . The correction of the SG constitutive model or development of new theory that incorporates near-solidus shear softening is needed.
